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Within the framework of the kinetic energy driven superconducting mechanism, the effect of the
extended impurity scatterers on the quasiparticle transport of cuprate superconductors in the super-
conducting state is studied based on the nodal approximation of the quasiparticle excitations and
scattering processes. It is shown that there is a cusplike shape of the energy dependent microwave
conductivity spectrum. At low temperatures, the microwave conductivity increases linearly with
increasing temperatures, and reaches a maximum at intermediate temperature, then decreases with
increasing temperatures at high temperatures. In contrast with the dome shape of the doping de-
pendent superconducting gap parameter, the minimum microwave conductivity occurs around the
optimal doping, and then increases in both underdoped and overdoped regimes.
PACS numbers: 74.25.-h, 74.25.Fy, 74.25.Nf
I. INTRODUCTION
After over 20 years extensive studies, it has become
clear that superconductivity in doped cuprates results
when charge carriers pair up into Cooper pairs1 as in the
conventional superconductors2, then these charge carrier
Cooper pairs condensation reveals the superconducting
(SC) ground-state. However, as a natural consequence
of the unconventional SC mechanism that is responsi-
ble for the high SC transition temperatures3, the charge
carrier Cooper pairs in cuprate superconductors have a
dominated d-wave symmetry1,4. In particular, this d-
wave SC state remains one of the cornerstones of our un-
derstanding of the physics in cuprate superconductors.
However, in spite of the unconventional SC mechanism,
the angle-resolved photoemission spectroscopy (ARPES)
experimental results have unambiguously established the
Bogoliubov-quasiparticle nature of the sharp SC quasi-
particle peak in cuprate superconductors5,6, then the
SC coherence of the low energy quasiparticle peak is
well described by the simple Bardeen-Cooper-Schrieffer
(BCS) formalism2 with the d-wave SC gap function
∆(k) = ∆(coskx − cosky)/2. In this d-wave case, the
characteristic feature is the existence of four nodal points
[±π/2,±π/2] (in units of inverse lattice constant) in the
Brillouin zone1,4, where the SC gap function vanishes,
then the most physical properties of cuprate supercon-
ductors in the SC state are controlled by the quasiparti-
cle excitations around the nodes7. In particular, the key
signature of the nodal quasiparticle transport appears in
the microwave conductivity σ(ω, T )7, which is essentially
electromagnetic absorption by the quasiparticles excited
out of the condensation (either thermally excited quasi-
particles or excitations created by the impurity scatter-
ing).
Understanding the role of impurities in cuprate su-
perconductors has taken many years of great effort8,9.
This follows from that the physical properties of cuprate
superconductors in the SC state are extreme sensitivity
to the impurity effect than the conventional supercon-
ductors due to the finite angular-momentum charge car-
rier Cooper pairing10. Experimentally, By virtue of sys-
tematic studies using the microwave conductivity mea-
surements, some essential features of the evolution of
the quasiparticle transport of cuprate superconductors
with energy and temperature in the SC state have been
established7,11,12,13,14: (1) at low temperatures, the ex-
perimental results show the existence of the very long-
live excitation deep in the SC state, as evidenced by the
sharp cusplike energy dependent microwave conductivity
spectrum, where the width of the sharp peak is nearly
temperature independent, and main behaviors of the
microwave conductivity are governed by thermally ex-
cited quasiparticles being scattered by impurities or other
defects7,14; (2) at low energies, the temperature depen-
dent microwave conductivity increases linearly with in-
creasing temperatures at low temperatures, and reaches a
maximum (a large broad peak) around intermediate tem-
perature, then decreases with increasing temperatures
at high temperatures11,13,14. In particular, this broad
peak shifts to higher temperatures as the energy is in-
creased. Theoretically, an agreement has emerged that
the BCS formalism with the d-wave SC gap function is
useful in the phenomenological description of the quasi-
particle transport of cuprate superconductors in the SC
state8,9,15,16,17,18,19, although the SC pairing mechanism
is beyond the conventional electron-phonon mechanism.
In this case, the microwave conductivity of cuprate su-
perconductors has been phenomenologically discussed in
the zero temperature and energy by including the con-
tributions of the vertex corrections17. Recently, these
discussions have been generalized to study the temper-
ature and energy dependence of the quasiparticle trans-
port of cuprate superconductors in the SC state19. To
the best of our knowledge, the microwave conductivity
of cuprate superconductors has not been treated starting
2from a microscopic SC theory, and no explicit calcula-
tions of the doping dependence of the microwave con-
ductivity has been made so far.
In this paper, we start from the kinetic energy driven
SC mechanism20, and study the effect of the extended
impurity scatterers on the microwave conductivity of
cuprate superconductors. We evaluate explicitly the mi-
crowave conductivity of cuprate superconductors within
the nodal approximation of the quasiparticle excita-
tions and scattering processes, and qualitatively repro-
duced some main features of the microwave conductiv-
ity measurements on cuprate superconductors in the SC
state7,11,12,13,14. It is shown that there is a cusplike shape
of the energy dependent microwave conductivity spec-
trum. At low temperatures, the microwave conductiv-
ity increases linearly with increasing temperatures, and
reaches a maximum at intermediate temperature, then
decreases with increasing temperatures at high temper-
atures. In contrast with the dome shape of the doping
dependent SC gap parameter, the minimum microwave
conductivity occurs around the optimal doping, and then
increases in both underdoped and overdoped regimes.
This paper is organized as follows. We present the
basic formalism in Sec. II, and then discuss the energy,
temperature, and doping dependence of the quasiparticle
transport of cuprate superconductors in the SC state in
Sec. III, where we show that the quasiparticle transport
of cuprate superconductors in the SC state can be qual-
itatively understood within the framework of the kinetic
energy driven SC mechanism by considering the effect
of the extended impurity scatterers. Finally, we give a
summary in Sec. IV.
II. FORMALISM
In cuprate superconductors, the single common feature
is the presence of the two-dimensional CuO2 plane, and
it is believed that the unconventional physical properties
of cuprate superconductors is closely related to the doped
CuO2 planes
4,21. It has been argued that the t-J model
on a square lattice captures the essential physics of the
doped CuO2 plane
3,4,
H = −t
∑
iηˆσ
Cˆ†iσCˆi+ηˆσ+µ
∑
iσ
Cˆ†iσCˆiσ+J
∑
iηˆ
Si·Si+ηˆ, (1)
where ηˆ = ±xˆ,±yˆ, Si = Cˆ†i τ Cˆi/2 is spin operator with
τ = (τ1, τ2, τ3) as Pauli matrices, the constrained elec-
tron operator Cˆiσ = Ciσ(1 − ni−σ) with niσ = C†iσCiσ,
and µ is the chemical potential. In the constrained
electron operator, the operators C†iσ and Ciσ are to be
thought of as operating within the full Hilbert space,
while the constrained electron operator Cˆ†iσ (Cˆiσ) does
not create (destroy) any doubly occupied sites, and there-
fore represents physical creation (annihilation) operator
acting in the restricted Hilbert space without double elec-
tron occupancy22,23. The strong electron correlation in
the t-J model manifests itself by the restriction of the mo-
tions of the electrons in the restricted Hilbert space with-
out double electron occupancy3, which can be treated
properly in analytical calculations within the charge-spin
separation (CSS) fermion-spin theory24, where the con-
strained electron operators are decoupled as Cˆi↑ = h
†
i↑S
−
i
and Cˆi↓ = h
†
i↓S
+
i , with the spinful fermion operator
hiσ = e
−iΦiσhi describes the charge degree of freedom
together with some effects of spin configuration rear-
rangements due to the presence of the doped hole itself
(dressed holon), while the spin operator Si describes the
spin degree of freedom (spin), then the motions of elec-
trons are restricted in the restricted Hilbert space with-
out double electron occupancy in analytical calculations.
In particular, it has been shown that under the decou-
pling scheme, this CSS fermion-spin representation is a
natural representation of the constrained electron defined
in the restricted Hilbert space without double electron
occupancy25. Moreover, these dressed holon and spin are
gauge invariant24, and in this sense, they are real and can
be interpreted as the physical excitations26. In this CSS
fermion-spin representation, the low-energy behavior of
the t-J model (1) can be expressed as,
H = t
∑
iηˆ
(h†i+ηˆ↑hi↑S
+
i S
−
i+ηˆ + h
†
i+ηˆ↓hi↓S
−
i S
+
i+ηˆ)
− µ
∑
iσ
h†iσhiσ + Jeff
∑
iηˆ
Si · Si+ηˆ, (2)
with Jeff = (1 − δ)2J , and δ = 〈h†iσhiσ〉 = 〈h†ihi〉 is
the hole doping concentration. As an important con-
sequence, the kinetic energy term in the t-J model has
been transferred as the dressed holon-spin interaction,
which reflects that even the kinetic energy term in the t-
J Hamiltonian has strong Coulombic contribution due to
the restriction of the motions of electrons in the restricted
Hilbert space without double electron occupancy.
Recently, we have developed a kinetic energy driven
SC mechanism20 based on the CSS fermion-spin theory24,
where the dressed holon-spin interaction from the kinetic
energy term in the t-J model (2) induces the dressed
holon pairing state with the d-wave symmetry by ex-
changing spin excitations, then the electron Cooper pairs
originating from the dressed holon pairing state are due
to the charge-spin recombination, and their condensa-
tion reveals the d-wave SC ground-state. Moreover, this
d-wave SC state is controlled by both SC gap function
and quasiparticle coherence, then the maximal SC transi-
tion temperature occurs around the optimal doping, and
decreases in both underdoped and overdoped regimes.
In particular, we have shown that this SC state is the
conventional BCS like with the d-wave symmetry25,27,
so that the basic BCS formalism with the d-wave SC
gap function is still valid in quantitatively reproducing
all main low energy features of the ARPES experimen-
tal measurements on cuprate superconductors, although
the pairing mechanism is driven by the kinetic energy
by exchanging spin excitations, and other exotic mag-
netic scattering28,29 is beyond the BCS formalism. Fol-
lowing our previous discussions20,25,27, the full dressed
holon Green’s function in the SC state can be obtained
3in the Nambu representation as,
g˜(k, ω) = ZhF
1
ω2 − E2hk
(
ω + ξ¯k ∆¯hZ(k)
∆¯hZ(k) ω − ξ¯k
)
= ZhF
ωτ0 + ∆¯hZ(k)τ1 + ξ¯kτ3
ω2 − E2hk
, (3)
where τ0 is the unit matrix, the renormalized dressed
holon excitation spectrum ξ¯k = ZhF ξk, with the mean-
field (MF) dressed holon excitation spectrum ξk =
Ztχγk − µ, the spin correlation function χ = 〈S+i S−i+ηˆ〉,
γk = (1/Z)
∑
ηˆ e
ik·ηˆ, Z is the number of the nearest
neighbor sites, the renormalized dressed holon d-wave
pair gap function ∆¯hZ(k) = ZhF ∆¯h(k), where the ef-
fective dressed holon d-wave pair gap function ∆¯h(k) =
∆¯hγ
(d)
k with γ
(d)
k = (coskx − cosky)/2, and the dressed
holon quasiparticle spectrum Ehk =
√
ξ¯2k+ | ∆¯hZ(k) |2,
while the dressed holon quasiparticle coherent weight
ZhF and effective dressed holon gap parameters ∆¯h are
determined by the following two equations20,25,27,
1 =
(Zt)2
N3
∑
k,p,p′
γ2p+kγ
(d)
k−p′+pγ
(d)
k
Z2hF
Ehk
BpBp′
ωpωp′
(
F
(1)
1 (k,p,p
′)
(ωp′ − ωp)2 − E2hk
− F
(2)
1 (k,p,p
′)
(ωp′ + ωp)2 − E2hk
)
, (4a)
1
Z hF
= 1 +
(
Zt
N
)2∑
p,p′
γ2p+k0ZhF
BpBp′
4ωpωp′
(
F
(1)
2 (p,p
′)
(ωp − ωp′ − Ehp−p′+k0)2
+
F
(2)
2 (p,p
′)
(ωp − ωp′ + Ehp−p′+k0)2
+
F
(3)
2 (p,p
′)
(ωp + ωp′ − Ehp−p′+k0)2
+
F
(4)
2 (p,p
′)
(ωp + ωp′ + Ehp−p′+k0)
2
)
, (4b)
respectively, where k0 = [π, 0], Bp = λ[(2ǫχ
z +
χ)γp − (2χz + ǫχ)], λ = 2ZJeff , ǫ = 1 + 2tφ/Jeff ,
the dressed holon’s particle-hole parameter
φ = 〈h†iσhi+ηˆσ〉, the spin correlation function
χz = 〈Szi Szi+ηˆ〉, F (1)1 (k,p,p′) = (ωp′ − ωp)[nB(ωp) −
nB(ωp′)][1 − 2nF (Ehk)] + Ehk[nB(ωp′)nB(−ωp) +
nB(ωp)nB(−ωp′)], F (2)1 (k,p,p′) = (ωp′ +
ωp)[nB(−ωp′) − nB(ωp)][1 − 2nF (Ehk)] +
Ehk[nB(ωp′)nB(ωp)+nB(−ωp′)nB(−ωp)], F (1)2 (p,p′) =
nF (Ehp−p′+k0)[nB(ωp′) − nB(ωp)] − nB(ωp)nB(−ωp′),
F
(2)
2 (p,p
′) = nF (Ehp−p′+k0)[nB(ωp) −
nB(ωp′)] − nB(ωp′)nB(−ωp), F (3)2 (p,p′) =
nF (Ehp−p′+k0)[nB(ωp′) − nB(−ωp)] + nB(ωp)nB(ωp′),
F
(4)
2 (p,p
′) = nF (Ehp−p′+k0)[nB(−ωp′) − nB(ωp)] +
nB(−ωp)nB(−ωp′), nB(ωp) and nF (Ehk) are the boson
and fermion distribution functions, respectively, and the
MF spin excitation spectrum,
ω2p = λ
2[(A1 − αǫχzγp − 1
2Z
αǫχ)(1 − ǫγp)
+
1
2
ǫ(A2 − 1
2
αχz − αχγp)(ǫ− γp)], (5)
where A1 = αC
z + (1 − α)/(4Z), A2 =
αC + (1 − α)/(2Z), and the spin correlation
functions C = (1/Z2)
∑
ηˆ,ηˆ′〈S+i+ηˆS−i+ηˆ′〉 and
Cz = (1/Z2)
∑
ηˆ,ηˆ′〈Szi+ηˆSzi+ηˆ′ 〉. In order to satisfy
the sum rule of the correlation function 〈S+i S−i 〉 = 1/2
in the case without the antiferromagnetic long-range-
order, an important decoupling parameter α has been
introduced in the above MF calculation20,25,27, which
can be regarded as the vertex correction. These two
equations in Eqs. (4a) and (4b) must be solved simul-
taneously with other self-consistent equations, then all
order parameters, decoupling parameter α, and chem-
ical potential µ are determined by the self-consistent
calculation.
In the CSS fermion-spin theory24,25, the electron
Green’s function is a convolution of the spin Green’s func-
tion and dressed holon Green’s function. Following our
previous discussions20,25,27, we can obtain the electron di-
agonal and off-diagonal Green’s functions in the SC state
as,
G(k, ω) =
1
N
∑
p
ZhF
Bp
4ωp
{
coth[
1
2
βωp]
(
U2hp+k
ω + Ehp+k − ωp +
U2hp+k
ω + Ehp+k + ωp
+
V 2hp+k
ω − Ehp+k + ωp +
V 2hp+k
ω − Ehp+k − ωp
)
+ tanh[
1
2
βEhp+k]
(
U2hp+k
ω + Ehp+k + ωp
− U
2
hp+k
ω + Ehp+k − ωp +
V 2hp+k
ω − Ehp+k − ωp −
V 2hp+k
ω − Ehp+k + ωp
)}
, (6a)
4Γ†(k, ω) =
1
N
∑
p
ZhF
∆¯hZ(p+ k)
2Ehp+k
Bp
4ωp
{
coth[
1
2
βωp]
(
1
ω − Ehp+k − ωp +
1
ω − Ehp+k + ωp
− 1
ω + Ehp+k + ωp
− 1
ω + Ehp+k − ωp
)
+ tanh[
1
2
βEhp+k]
(
1
ω − Ehp+k − ωp
− 1
ω − Ehp+k + ωp −
1
ω + Ehp+k + ωp
+
1
ω + Ehp+k − ωp
)}
, (6b)
respectively, where the dressed holon quasiparticle co-
herence factors U2hk = (1 + ξ¯k/Ehk)/2 and V
2
hk = (1 −
ξ¯k/Ehk)/2. These convolutions of the spin Green’s func-
tion and dressed holon diagonal and off-diagonal Green’s
functions reflect the charge-spin recombination30. Since
the spins center around the [π, π] point in the MF
level20,25,27, then the main contributions for the spins
comes from the [π, π] point. In this case, the electron
diagonal and off-diagonal Green’s functions in Eqs. (6a)
and (6b) can be approximately reduced as the BCS for-
malism with the d-wave SC gap function in terms of
ωp=[pi,pi] ∼ 0 and the equation20,24 1/2 = 〈S+i S−i 〉 =
(1/N)
∑
pBpcoth(βωp/2)/(2ωp),
G(k, ω) ≈ ZF
(
U2k
ω − Ek +
V 2k
ω + Ek
)
, (7a)
Γ†(k, ω) ≈ ZF ∆¯Z(k)
2Ek
(
1
ω − Ek +
1
ω + Ek
)
, (7b)
where the electron quasiparticle coherent weight ZF =
ZhF /2, the electron quasiparticle coherence factors U
2
k ≈
V 2hk+kA = (1 + ε¯k/Ek)/2 and V
2
k ≈ U2hk+kA = (1 −
ε¯k/Ek)/2, with ε¯k = ZF εk, εk = Ztχγk + µ, and kA =
[π, π], ∆¯Z(k) = ∆¯hZ(k)/2, and electron quasiparticle
spectrum Ek ≈ Ehk+kA =
√
ε¯2k+ | ∆¯Z(k) |2, i.e., the
hole-like dressed holon quasiparticle coherence factors
Vhk and Uhk and hole-like dressed holon quasiparticle
spectrum Ehk have been transferred into the electron
quasiparticle coherence factors Uk and Vk and electron
quasiparticle spectrum Ek, respectively, by the convo-
lutions of the spin Green’s function and dressed holon
Green’s functions due to the charge-spin recombination.
This means that within the kinetic energy driven SC
mechanism, the dressed holon pairs condense with the
d-wave symmetry in a wide range of the hole doping
concentration, then the electron Cooper pairs originat-
ing from the dressed holon pairing state are due to the
charge-spin recombination, and their condensation auto-
matically gives the electron quasiparticle character. For
the convenience in the following discussions, these elec-
tron Green’s functions in Eq. (7) in the SC state can be
expressed in the Nambu representation as,
G˜(k, ω) = ZF
1
ω2 − E2k
(
ω + ε¯k ∆¯Z(k)
∆¯Z(k) ω − ε¯k
)
= ZF
ωτ0 + ∆¯Z(k)τ1 + ε¯kτ3
ω2 − E2k
. (8)
With the helps of this BCS formalism under kinetic en-
ergy driven SC mechanism, now we can discuss the effect
of the extended impurity scatterers on the quasiparticle
transport in cuprate superconductors. In the presence of
impurities, the unperturbed electron Green’s function in
Eq. (8) is dressed via the impurity scattering17,19,
G˜I(k, ω)
−1 = G˜(k, ω)−1 − Σ˜(k, ω), (9)
with the self-energy function Σ˜(k, ω) =
∑
αΣα(k, ω)τα.
It has been shown that all but the scalar component of
the self-energy function can be neglected or absorbed into
∆¯Z(k)
17,19. In this case, the dressed electron Green’s
function in Eq. (9) can be explicitly rewritten as,
G˜I(k, ω) = ZF
[ω − Σ0(k, ω)]τ0 + ∆¯Z(k)τ1 + [ε¯k +Σ3(k, ω)]τ3
[ω − Σ0(k, ω)]2 − ε¯2k − ∆¯2Z(k)
. (10)
Based on the phenomenological d-wave BCS-type elec-
tron Green’s function17, the energy and temperature de-
pendence of the microwave conductivity of cuprate su-
perconductors has been fitted19, where the electron self-
energy functions Σ0(k, ω) and Σ3(k, ω) have been treated
within the framework of the T-matrix approximation.
Following their discussions17,19, the electron self-energy
function Σ˜(k, ω) can be obtained approximately as,
Σ˜(k, ω) = ρiT˜kk(ω), (11)
with ρi is the impurity concentration, and T˜kk(ω) is the
diagonal element of the T-matrix,
T˜kk′(ω) = Vkk′τ3 +
∑
k′′
Vkk′′τ3G˜I(k
′′, ω)T˜k′′k′(ω), (12)
where Vkk′ is the impurity scattering potential. As men-
tioned in Sec. I, there is no gap to the quasiparticle
excitations at the four nodes for the d-wave SC state
of cuprate superconductors, therefore the quasiparticles
are generated only around these four nodes. It has been
5shown17 that this characteristic feature is very useful
when considering the impurity scattering, since the ini-
tial and final momenta of a scattering event must always
be approximately equal to the k-space location of one of
the four nodes in the zero temperature and zero energy,
while the impurity scattering potential Vkk′ varies slowly
over the area of a node. In this case, a general scattering
potential Vkk′ need only be evaluated in three possible
case: the intranode impurity scattering Vkk′ = V1 (k
and k′ at the same node), the adjacent-node impurity
scattering Vkk′ = V2 (k and k
′ at the adjacent nodes),
and the opposite-node impurity scattering Vkk′ = V3 (k
and k′ at the opposite nodes), then the impurity scat-
tering potential Vkk′ in the T-matrix can be effectively
reduced as17,
Vkk′ → V =


V1 V2 V3 V2
V2 V1 V2 V3
V3 V2 V1 V2
V2 V3 V2 V1

 . (13)
At the zero temperature and zero energy, these nodes re-
duce to points. In this case, this nodal approximation
for the impurity potential can reproduce any impurity
potential. However, at finite temperatures and energies,
there is a limitation on the forward scattering character of
the impurity potential because this nodal approximation
assumes the Brillouin zone quadrant around a particular
node17. It has been shown19 that although the strict for-
ward scattering limit can therefore not be reached at fi-
nite temperatures and energies, this nodal approximation
is still appropriate to treat the intermediate range scat-
ters. Therefore in the following discussions, we employ
the simplified impurity scattering potential in Eq. (13)
to study the impurity scattering effect on the quasipar-
ticle transport of cuprate superconductors. Substituting
Eq. (13) into Eq. (12), the T-matrix can be obtained as
a 4× 4-matrix around the nodal points,
T˜jj′ (ω) = Vjj′τ3 + I˜G(ω)τ3
∑
j′′
Vjj′′ T˜j′′j′ (ω), (14)
where I˜G(ω) is the integral of the electron Green’s func-
tion, and can be obtained as,
I˜G(ω) =
1
N
∑
k
G˜I(k, ω) ≈ G˜I0(ω)τ0 + G˜I3(ω)τ3, (15)
with G˜I0(ω) and G˜I3(ω) are given by,
G˜I0(ω) =
1
N
∑
k
ZF
ω − Σ0(ω)
ω2 − E2k
, (16a)
G˜I3(ω) =
1
N
∑
k
ZF
ε¯k +Σ3(ω)
ω2 − E2k
, (16b)
and the self-energy functions Σ0(ω) and Σ0(ω) are eval-
uated as,
Σ0(ω) =
ρi
4
(
2G˜I0(ω)V
2
13
[1− G˜I3(ω)V13]2 − [G˜I0(ω)V13]2
+
G˜I0(ω)(V
−
123)
2
[1− G˜I3(ω)V −123]2 − [G˜I0(ω)V −123]2
+
G˜I0(ω)(V
+
123)
2
[1− G˜I3(ω)V +123]2 − [G˜I0(ω)V +123]2
)
, (17a)
Σ3(ω) =
ρi
4
(
2V13[1− G˜I3(ω)V13]
[1− G˜I3(ω)V13]2 − [G˜I0(ω)V13]2
+
V −123[1− G˜I3(ω)V −123]
[1− G˜I3(ω)V −123]2 − [G˜I0(ω)V −123]2
+
V +123[1− G˜I0(ω)V +123]
[1− G˜I3(ω)V +123]2 − [G˜I0(ω)V +123]2
)
, (17b)
where V13 = V1 − V3, V −123 = V1 − 2V2 + V3, and V +123 =
V1 + 2V2 + V3.
In the framework of the linear response theory, the
microwave conductivity of cuprate superconductors can
be calculated by means of the Kubo formula as31,
σ(ω, T ) = − ImΠ(ω, T )
ω
, (18)
with Π(ω, T ) is the electron current-current correlation
function in the SC state, and can be expressed as,
Π(τ − τ ′) = − < TτJ(τ) · J(τ ′) > . (19)
In the CSS fermion-spin representation24,25, the electron
polarization operator can be evaluated as,
P =
∑
i
Rinˆi =
∑
i,σ
RiCˆ
†
i,σCˆi,σ =
1
2
∑
i,σ
Rihi,σh
†
i,σ, (20)
then within the t-J model (2), the current density of elec-
trons is obtained by the time derivation of this polariza-
tion operator using the Heisenberg’s equation of motion
as,
6J = ie[H,P] = i
1
2
et
∑
iηˆ
ηˆ(h†i+ηˆ↑hi↑S
+
i S
−
i+ηˆ + h
†
i+ηˆ↓hi↓S
†
i S
−
i+η) = −i
1
2
et
∑
iησ
ηˆCˆ†iσCˆi+ηˆσ ≈
evf√
2
∑
kσ
kCˆ†kσCˆkσ, (21)
with vf =
√
2t is the electron velocity at the nodal
points. According to this current density (21), the
current-current correlation function in Eq. (19) can be
obtained as,
Π(iωn, T ) =
e2v2f
2
1
N
∑
k
1
β
∑
iω′
n
Tr[G˜(k, iω′n)
× G˜(k, iω′n + iωn)Γ˜(k, iω′n, iωn)], (22)
with Γ˜(k, ω′, ω) is the vertex function, and can be evalu-
ated explicitly as the sum of ladder diagrams,
Π(iωn) = e
2v2f
1
β
∑
iω′
n
J(iωn, iω
′
n), (23)
where the kernel function J(ω, ω′) is expressed as,
J(ω, ω′) =
I
(0)
0 + LA[I
(0)
0 I
(3)
3 + I
(3)
0 I
(0)
3 ]
[1− (LAI(0)0 + LBI(0)3 )][1− (LAI(3)3 + LBI(3)0 )]− [LAI(3)0 + LBI(3)3 ][LAI(0)3 + LBI(0)0 ]
, (24)
with the functions,
LA(ω, ω
′) = [T
(0)
11 (ω)T
(0)
11 (ω + ω
′) + T
(3)
11 (ω)T
(3)
11 (ω + ω
′)− T (0)13 (ω)T (0)13 (ω + ω′)− T (3)13 (ω)T (3)13 (ω + ω′)], (25a)
LB(ω, ω
′) = [T
(0)
11 (ω)T
(3)
11 (ω + ω
′) + T
(3)
11 (ω)T
(0)
11 (ω + ω
′)− T (0)13 (ω)T (3)13 (ω + ω′)− T (3)13 (ω)T (0)13 (ω + ω′)], (25b)
while the functions I
(0)
0 (ω, ω
′) and I
(0)
3 (ω, ω
′) are give by,
I
(0)
0 (ω, ω
′)τ0 + I
(3)
0 (ω, ω
′)τ3 =
1
N
∑
k
G˜I(k, ω)G˜I(k, ω + ω
′), (26a)
I
(0)
3 (ω, ω
′)τ0 + I
(3)
3 (ω, ω
′)τ3 =
1
N
∑
k
G˜I(k, ω)τ˜3G˜I(k, ω + ω
′). (26b)
Substituting Eq. (23) into Eq. (18), the microwave conductivity of cuprate superconductors is obtained explicitly as,
σ(ω, T ) = e2v2f
∫ ∞
−∞
dω′
2π
nF (ω
′)− nF (ω′ + ω)
ω′
[ReJ(ω′ − iδ, ω′ + ω + iδ)− ReJ(ω′ + iδ, ω′ + ω + iδ)]. (27)
We emphasize that based on the nodal approxima-
tion of the quasiparticle excitations and scattering
processes17,19, this microwave conductivity of cuprate su-
perconductors in Eq. (27) is obtained within the kinetic
energy driven SC mechanism, although its expression
is similar to that obtained within the phenomenological
BCS formalism with the d-wave SC gap function17,19.
III. MICROWAVE CONDUCTIVITY OF
CUPRATE SUPERCONDUCTORS
In cuprate superconductors, although the values of
J and t is believed to vary somewhat from compound
to compound, however, as a qualitative discussion, the
commonly used parameters in this paper are chosen
as t/J = 2.5, with an reasonably estimative value of
J ∼ 1000K. We are now ready to discuss the doping,
energy, and temperature dependence of the quasiparti-
cle transport of cuprate superconductors in the SC state
with extended impurities. We have performed a cal-
culation for the microwave conductivity σ(ω, T ) in Eq.
(27), and the results of σ(ω, T ) as a function of en-
ergy with temperature T = 0.002J = 2K (solid line),
T = 0.004J = 4K (dashed line), T = 0.008J = 8K
(dash-dotted line), and T = 0.01J = 10K (dotted line)
under the slightly strong impurity scattering potential
with V1 = 58J , V2 = 49.32J , and V3 = 40.6J at the im-
purity concentration ρ = 0.000014 for the doping concen-
tration δ = 0.15 are plotted in Fig. 1 in comparison with
the corresponding experimental results of cuprate super-
conductors in the SC state14 (inset). Obviously, the en-
ergy evolution of the microwave conductivity of cuprate
superconductor14 is qualitatively reproduced. In partic-
ular, a low temperature cusplike shape of the microwave
conductivity is obtained for cuprate superconductors in
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FIG. 1: The microwave conductivity as a function of energy
with T = 0.002J = 2K (solid line), T = 0.004J = 4K
(dashed line), T = 0.008J = 8K (dash-dotted line), and
T = 0.01J = 10K (dotted line) at ρ = 0.000014 for t/J = 2.5,
V1 = 58J , V2 = 49.32J , and V3 = 40.6J in δ = 0.15. Inset:
the corresponding experimental result of cuprate supercon-
ductors in the SC state taken from Ref. [14].
the presence of the impurity scattering. At the low en-
ergy regime (ω < 0.0002J), this low temperature mi-
crowave conductivity σ(ω, T ) rises rapidly from the uni-
versal zero-temperature limit to a much larger microwave
conductivity. However, this low temperature microwave
conductivity σ(ω, T ) becomes smaller and varies from
weakly energy dependence at the intermediate energy
regime (0.0002J < ω < 0.0008J), to the almost energy
independence at the high energy regime (ω > 0.0008J).
For a better understanding of the physical properties
of the microwave conductivity σ(ω, T ) in cuprate super-
conductors, we have studied the doping evolution of the
microwave conductivity, and the result of σ(ω, T ) as a
function of doping with temperature T = 0.002J = 2K
and energy ω = 0.000087J ≈ 1.81GHz under the slightly
strong impurity scattering potential with V1 = 58J ,
V2 = 49.32J , and V3 = 40.6J at the impurity concen-
tration ρ = 0.000014 is plotted in Fig. 2 (solid line).
For comparison, the corresponding result of the SC gap
parameter of cuprate superconductors is also shown in
the same figure (dashed line). Our result shows that
in contrast to the dome shape of the doping dependent
SC gap parameter20,25,27,32, the microwave conductivity
σ(ω, T ) decreases with increasing doping in the under-
doped regime, and reaches a minimum in the optimal
doping, then increases in the overdoped regime. This
doping dependent behavior of the low energy microwave
conductivity σ(ω, T ) at low temperatures is also qualita-
tively consistent with the universal microwave conductiv-
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FIG. 2: The microwave conductivity as a function of doping
with T = 0.002J =K and ω = 0.000087J ≈ 1.81GHz at
ρ = 0.000014 for t/J = 2.5, V1 = 58J , V2 = 49.32J , and
V3 = 40.6J . The dashed line is the corresponding result of
the superconducting gap parameter.
ity limit8 σ ∝ 1/∆ at low energy as temperature T → 0,
if this SC gap parameter ∆ in the phenomenological BCS
formalism8 has the similar dome shape doping depen-
dence.
In the above discussions, we mainly study the effect
of the extended impurity scatterers on the quasiparticle
transport at low temperatures (T ≪ Tc) and low energies
(ω ≪ ∆). Now we discuss the temperature dependence
of the quasiparticle transport of cuprate superconduc-
tors, where T may approach to Tc from low temperature
side. In this case, it has been shown19 that the inelastic
scattering process should be considered at higher tem-
peratures, such as the quasiparticle-quasiparticle scat-
tering. This is followed from the fact that the inelas-
tic quasiparticle-quasiparticle scattering process is sup-
pressed at low temperatures due to the large SC gap pa-
rameter in the quasiparticle excitation spectrum. How-
ever, the contribution from this inelastic quasiparticle-
quasiparticle scattering process is increased rapidly when
T approaches to Tc from low temperature side, since
there is a small SC gap parameter near Tc. In par-
ticular, it has been pointed out33 that the contribution
from the quasiparticle-quasiparticle scattering process to
the transport lifetime is exponentially suppressed at low
temperatures, and therefore the effect of this inelastic
quasiparticle-quasiparticle scattering can be considered
by adding the inverse transport lifetime18 τ−1inel(T ) to the
imaginary part of the self-energy function Σ0(ω) in Eq.
(17a), then the total self-energy function Σtot0 (ω) can be
expressed as19,33,
Σtot0 (ω) = Σ0(ω)− i[2τinel(T )]−1, (28)
with τinel(T ) has been chosen as [2τinel(T )]
−1 =
91.35(T − 0.005)4J . Using this total self-energy func-
tion Σtot0 (ω) to replace Σ0(ω) in Eq. (27), we have
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FIG. 3: The microwave conductivity as a function of temper-
ature with energy ω ≈ 1.14GHz (solid line), ω ≈ 2.28GHz
(long dashed line), ω ≈ 13.4GHz (dash-dotted line), ω ≈
22.8GHz (dotted line), and ω ≈ 75.3GHz (short dashed line)
at ρ = 0.000014 for t/J = 2.5, V1 = 58J , V2 = 49.32J , and
V3 = 40.6J in δ = 0.15. Inset: the corresponding experimen-
tal result of cuprate superconductors in the SC state taken
from Ref. [14].
performed a calculation for the microwave conductiv-
ity σ(ω, T ), and the results of σ(ω, T ) as a function of
temperature T with energy ω = 0.0000547J ≈ 1.14GHz
(solid line), ω = 0.0001094J ≈ 2.28GHz (long dashed
line), ω = 0.0006564J ≈ 13.4GHz (dash-dotted line),
ω = 0.001094J ≈ 22.8GHz (dotted line), and ω =
0.0036102J ≈ 75.3GHz (short dashed line) under the
slightly strong impurity scattering potential with V1 =
58J , V2 = 49.32J , and V3 = 40.6J at the impurity
concentration ρ = 0.000014 for the doping concentra-
tion δ = 0.15 are plotted in Fig. 3 in comparison with
the corresponding experimental results of cuprate super-
conductors in the SC state14 (inset). Our results show
that the temperature dependent microwave conductivity
σ(ω, T ) increases rapidly with increasing temperatures to
a large broad peak around temperature T ≈ 0.25J ≈ 25K
for energy ω = 0.0000547J ≈ 1.14GHz, and then falls
roughly linearly. However, this broad peak in the mi-
crowave conductivity spectrum resulting from the tem-
perature dependent impurity scattering rate in Eq. (28)
is energy dependent, and moves to higher temperatures
with increasing energies, in qualitative agreement with
the experimental data14.
Within the framework of the kinetic energy driven d-
wave cuprate superconductivity20, our present results of
the energy and temperature dependence of the microwave
conductivity by considering the effect of the extended
impurity scatterers are qualitatively similar to the ear-
lier attempts to fit the experimental data by using a
phenomenological d-wave BCS formalism8,9,15,16,17,18,19.
Establishing this agreement is important to confirming
the nature of the SC phase of cuprate superconductors
as the d-wave BCS-like SC state within the kinetic en-
ergy driven SC mechanism. It has been shown7,11,12,13,14
that there are some subtle differences for different fami-
lies of cuprate superconductors, and these subtle differ-
ences may be induced by the other effects except the
impurity scattering. However, we in this paper are pri-
marily interested in exploring the general notion of the
effect of the extended impurity scatterers on the kinetic
energy driven cuprate superconductors in the SC state.
The qualitative agreement between the present theoreti-
cal results and experimental data also show that the pres-
ence of impurities has a crucial effect on the microwave
conductivity of cuprate superconductors.
IV. SUMMARY
In conclusion we have shown very clearly in this pa-
per that if the effect of the extended impurity scatter-
ers is taken into account in the framework of the ki-
netic energy driven d-wave superconductivity, the mi-
crowave conductivity of the t-J model calculated based
on the nodal approximation of the quasiparticle excita-
tions and scattering processes per se can correctly repro-
duce some main features found in the microwave conduc-
tivity measurements on cuprate superconductor in the
SC state7,11,12,13,14, including the energy and tempera-
ture dependence of the microwave conductivity spectrum.
The theory also predicts a V-shaped doping dependent
microwave conductivity, which is in contrast with the
dome shape of the doping dependent SC gap parameter,
and therefore should be verified by further experiments.
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